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1. INTRODUCTION 
A closed orbit of a vector field becomes unstable when one or more of 
its Floquet multipliers leave the unit disc in the complex plane. Floquet 
multipliers occur either on the real axis or off the real axis in complex 
conjugate pairs, so in the simplest cases either one real or two nonreal 
Floquet multipliers pass across the unit circle. Our aim is to give a detailed 
description of the orbit structure in the latter case, provided that finitely 
many non-resonance and non-degeneracy conditions are satisfied. 
To analyze the orbit structure in this problem we construct invariant 
manifolds using the methods of Fenichel [2] and Sacker [9]. Then we con- 
struct invariant foliations near the invariant manifolds, using results of 
Fenichel [3]. These invariant foliations reduce our problem to studying 
maps and flows on low dimensional manifolds where the orbit structures 
are well known. 
At this time we give only a rough outline of results. Consider a family 
of vector fields depending on a real parameter p, with instability developing 
as p increases through zero. We transform the Poincare map of the closed 
orbit into a normal form, and isolate one significant coefficient, called p. 
Four cases must be considered, depending on the sign of p and the sign 
of Rep, the real part of ,8. Of these, the cases p > 0, Re ,8 > 0 and ,U < 0, 
ReP < 0 arc simple and are studied only briefly. When p > 0, Rep < 0 
or p < 0, Rep > 0 there is an invariant torus near the closed orbit (see 
Ref. [9]). The union of the closed orbit, the invariant torus, and the transit 
orbits joining the closed orbit and the invariant torus is an invariant manifold 
with invariant boundary, a solid torus. Every half orbit in a neighborhood 
of the solid torus either leaves a neighborhood of the solid torus or behaves 
asymptotically like a unique parametrized orbit in either the closed orbit 
or the two dimensional torus. In addition, there are foliations of codimension 
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one near the closed orbit, foliations of codimension two near the two dimen- 
sional torus, and foliations of codimension three near the solid torus, all 
invariant in a natural sense. The leaves of these foliations are characterized 
by asymptotic stability with rate estimates. 
Our results include the detailed orbit structure of two related problems, 
a fixed point of a diffeomorphism which becomes unstable as two complex 
conjugate eigenvalues of its linear part leave the unit disc, and a stationary 
point of a vector field which becomes unstable as two complex conjugate 
eigenvalues of its linear part leave the left half plane. Either of these problems 
may be converted to the original vector field problem by adding an auxilia-ry 
angular variable. The diffeomorphism problem will be treated explicitiy, 
however, as an intermediate step in studying our main problem. 
E. Hopf introduced a problem of the sort we study as part of a bifurcation 
model for the development of turbulence in fluid dynamics [5, 61. A vector 
field on an infinite dimensional space depends on a parameter bL, representing 
viscosity. With large viscosity a!1 orbits are asymptotic to a single stationary 
point of the vector field. As p passes through a critical value, the first 
bi.furcation value, the stationary point becomes unstable and a stable closed 
orbit develops nearby. As p passes through another critical v&c, the second 
bifurcation value, the closed orbit becomes unstable and a stable two dimen- 
sional torus develops nearby. This process continues, with stability being 
transferred to tori of arbitrarily high dimension. 
Hopf’s analysis depended strongly on a special feature of his model, 
that the flow is a product of flows on R’. Robert Sacker later showed under 
fairly general conditions that a two dimensional torus develops as a closed 
orbit becomes unstable [9]. This was proved independently by David IRuelie 
and Floris Takens [Xl. The case of a closed orbit which becomes unstable 
as a single Floquet multiplier passes through the unit circle on the real 
axis was studied by Sacker [9], and by Sattinger [lo]. R. Jost and E. Zehnder 
have some results on the third bifurcation [7], but this problem is not yet 
well understood. 
The author would like to thank-Professor Jiirgen Moser and Professor 
Robert Sacker for their encouragement and assistance. 
2. NORMAL FORM FOR THE POINCAR~ RiIAp 
Let XU be a family of Cc0 vector fields on Rn+l depending smoothly on 
a real parameter EL. For each p, let yU be a closed orbit of X, ) and assume 
that y,depends smoothly on p. Suppose that yU has simple Floquet multipliers 
X, and i;, on the unit circle, and has all its other Floquet multipliers inside 
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the unit circle. Then there is a smooth function X(p) defined near p = 0, 
such that h(p) and x(p) are Floquet multipliers of ‘y11 , and X(0) = h, . We 
assume that d/dp 1 h(p)1 > 0 when p = 0. 
Assume now that each closed orbit yU passes through the origin in Rn+l, 
and that each XJO) is parallel to the (~2 + 1)st coordinate axis. This always 
may be achieved by a smooth p-dependent change of coordinates. Let 
Rz C R*+l denote the hyperplane defined by the vanishing of the last coor- 
dinate. Then XU induces the Poincare map F, , a diffeomorphism from a 
neighborhood of the origin in R” to a neighborhood of the origin in R”. 
F, takes a point x near the origin in R” to the next point near the origin 
in R” on the orbit through x. We construct a circle r, C R” which is invariant 
under F, . The union of the orbits of X, through points in r,, forms a torus 
T, which is invariant under the flow of X, . 
Let p(t, p) = det(t1 - DF,(O)) be the characteristic polynomial of BF,(O). 
The Floquet multipliers of K are precisely the eigenvalues of DF,(O), so 
p factors as p(t, ,u) =p,(t, p)(t - &))(t - x(p)), where p, is a real polynomial 
in t with all its roots inside (t E C: ( t 1 < I>. Choose a smooth p-dependent 
basis of R” consisting of a basis of kerp,(DF,(O), p) and the real and 
imaginary parts of the eigenvector (in C?) corresponding to X(p). In this 
basis DF,(O) has the form 
where S(p) and ,4(p) are smooth, and 
Im W 
‘(‘) = [-%f!$) Re h(p) . 1 
We choose the basis so that 11 S(O)lj < 1, where /I I] denote the operator 
norm, 11~5 11 = sup((llx 11: (1 X jl = l}. 
Introducey = (x1 ,..., ~,,-a) E R”e2 and z = x,.-r + ix, E C as coordinates 
in R”. A function of y and z is called smooth if it is smooth as a function 
of (xr ,..., x,). In (y, z) coordinates F, has the form 
Y’ = G)Y +fl(Y, 2; P>> 
2’ = WX +fi(Y, -Y /-a 
where fi and c2 are smooth functions of (y, z, p) which vanish to first order 
in y, x at y = 0, z = 0. We now introduce non-linear coordinate trans- 
formations to bring F, into a suitable normal form. Our construction of 
the normal form follows Sacker [9] quite closely. See also Birkhoff [1] and 
SegrC [l I] for similar constructions. 
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LEMMA 1. Normal form: If X03 # 1 and ho4 + 1, there exists a coordinate 
system (depending on TV) near the origin in R” such that “fofor p # 0, FL‘ has the 
f Of%+1 
y’ = SOY + I p lyj;(y I- p) ,-, > 
,$ = A, p*+RlJLllz12 z + [ p j"i2f9(y, 2; y), 
where f7 and f9 are Cm functions of (y, ,z) mkich vanish at y = 0, z = 0, 
all derivatives of f7 and f-, are continuous ficnctions of y, and p atad y are complex 
constants with Re y > 0. 
Notation. We write C=(..; p) to denote functions which are Cm in the 
variables preceding the semicolon whose derivatives of all orders with 
respect to the variables preceding the semicolon are continuous functions 
of CL. Thus, f7 , fg E C”“(y, a; /J). 
LEMMA 2. Let (y’, x’) = F,,(y, x). If A,,:$ # 1, A,” + 1, there exzkts a 
coordinate sysfem in which the following derivatives vanish at (0, 0): 
(i) 8~f/39, ay/az a;s, a2yrja2, 
(ii) 8xyay.i az, a2xya3’i a%, 1 <i<tz-2, 
(iii) i3?z’~azp, aw/ax as, ZZ’/~~, 
(iv) a3,dp2, a3.d/az: a.3, a5qas. 
Proof‘ We expand F,, in a Taylor series with remainder, and set the 
required coefficients to zero by a suitable choice of coordinates. F0 has the 
form 
where q1 and q4 consist of quadratic terms in yr ,..., ynez , qr and q5 consist 
of bilinear terms in y1 ,..., Y.,~-~ , and .z, 2, q3 and q6 consist of quadratic 
terms in x, Z, t consists of cubic terms in z, Z, f3 vanishes to second order 
at the origin, and f4 vanish to second order in (y, 2) and to third order 
in z at the origin. The assertion of the lemma is that there exist coordinates 
in which q3, g5 and qs vanish and t reduces to a single term of the form 
&,!g = a 1 z j2 2. 
q3(x) has the form bx2 + czz $- 63, where b is an arbitrary complex 
(n - 2)-vector and c is an arbitrary real (n - 2)vector. To remove this 
term from the Taylor series for F, we try a transformation 
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where Y is an undetermined complex (n - 2)vector and s is an undetermined 
real (n - 2)vector. For this computation only, let S = S,, and h = A, . 
Then, 
$ = y’ + rx’” + sx’g’ + f%‘” 
= SY + 41(Y) + 42(Y, 4 + ~~2 + Cam + &P +f3(Y, x) 
+ r(hz + --*)’ + s(hz + --)(XS + *-a) + f((x.5 + =a*>“, 
where the dots denote functions which vanish to first order at the origin. 
Recalling that 
we have 
4 = s, + 41(Y) + 42(Y, 4 - {(S - h2Q - @X2 
- ((S - hti)s - c} 25 - {(S - Aqr - 6) i? + f3(q, x), 
where f^, vanishes to second order at the origin. Because 1 h 1 = 1 and 
(1 S/j < 1, we may choose r = (S - h21)-1B and s = (S - I)-% to define 
coordinates (7, z) in which qa vanishes. For notational simplicity we again 
call these coordinates y, z and we relabel f”, as fa . 
q5( y, z) has the form b . yx + c . y%, where b and c are arbitrary complex 
(n - 2)-vectors. To remove these terms we try a transformation of the form 
5 = z + 1’ . yz + s . y%, where r and s are undetermined complex- (n - 2) 
vectors. The reader may verify that the conditions /j S jj < 1, 1 h ( = 1 
guarantee the existence of unique vectors Y and s such that the q5 term 
in the Taylor series for 8’s vanishes. 
The same procedure removes the terms in .s2, z%, and 9, and the terms 
in x3, x9, and g3, from the Taylor series for z’. The nonresonance conditions 
A3 f 1, X4 # 1 replace the condition 11 S Ij < 1 when solving for the undeter- 
mined coefficients. This completes the proof of Lemma 2. 
Before returning to the normal form Lemma we remark that our con- 
structive procedure fails when applied to the term az2% in the expansion 
for x’. Let 5 = z + r.z”s, where Y is an undetermined complex number. 
Then 
where the dots denote functions whose Taylor series has no a22 term. The 
coefficient of Y is zero because Xx = 1. In fact, the sign of Re(a/A,,) has 
topological significance when F,, is in the form specified by Lemma 2, as 
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we will see later. It follows that any diffeomorphism which leaves F,, in the 
form specified by Lemma 2 preserves the sign of Re(a/X,). By a suitable 
coordinate change we could (but won’t) make Re(a/A,) equal to 1, 0, or ---I. 
In the coordinate system of Lemma 2, F, has the form 
where f5 and fs are Cc0 functions of y, z, p which vanish at y = 0, x = 0, 
and fs vanishes to first order in z, f at y = 0, x = 0. In the construction 
of I’,, we will find that y is of order 1,~ / and x is of order 1 p I1p, so we 
introduce the transformation 17 = p-ly, c = / p I-ikz. This brings F, to 
the form 
Let /3 = a/h, and y = d/d~(X/h,)(O). On gathering terms by order in p 
we find that F, has the form 
where f7 ,f8 G C”(T, 5; p) vanish at rl = 0, 5 = 0. 
Note that 
Setting y = 0, we find that 
d/G I h I@> = Re Y, 
so by hypothesis Re y > 0. To complete the proof of Lemma I we simply 
note that P@+BIPI~I:I’ differs from 1 + 3/t~ + p j p I j < 13 by a convergent 
power series beginning with terms of order p*, and then change the names 
of 17 and 5 to y and z. 
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3. CONSTRUCTION OF AN INVARIANT CIRCLE FOR THE POINCAR~ MAP 
We now assume that Re /3 f 0. This is a nondegeneracy condition 
signifying that stability of the origin under F, is determined by the terms 
up to third order in the Taylor series for F,, . 
Let QU be the map 
Y’ = SOY, 
obtained from F, by truncating the small terms j ,U /rPfr and 1 p /a/*fs . 
Because // S, 1) < 1, every orbit of CD,, approaches the invariant plane 
((y, x): y = O}. In this plane !DU acts like a rotation composed with dilation 
by a factor of 
1 ,$ l/l x 1 = e(Redp+(Refl)l~llz12 
For /J > 0, Re /3 > 0 the entire plane ((y, z): y = 0) is the unstable 
manifold of the origin. For p < 0, Rep < 0 the same plane lies entirely 
within the stable manifold of the origin. 
In the cases p > 0, Re /3 < 0 and p < 0, Re /? > 0 the orbit structure 
of GjU is somewhat complicated, but still may be found by inspection. In 
either case the circle {(y, x): y = 0, I ,a 1 = j Re y/Re ,8 /l/e] and the closed 
disc {(y, z): y = 0, 1 x I < I Re y/Re /3 1 II2 are invariant. The closed disc } 
consists of the origin, the invariant circle, and all transit orbits joining 
the origin and the invariant circle. 
The orbit structure of F, is reasonably simple in case p > 0, Re /3 > 0 
or p < 0, Re /3 < 0. When ,u > 0, Re /3 > 0, F, acts like a diffeomorphism 
with a hyperbolic fixed point. When ,U < 0, Rep < 0, F, acts like a 
diffeomorphism with an attracting fixed point. These are well known struc- 
tures and will not be discussed further. 
Assume for the remainder of this paper that p > 0, Re /3 < 0 or ~1 < 0, 
Re /3 > 0. We will find that F, has an invariant circle near the invariant 
circle for CD,, and an invariant disc near the invariant disc for ~0~ . We also 
will find that the invariant disc consists of the origin, the invariant circle, 
and the transit orbits joining the origin and the invari,ant circle. 
Let h, = ea, LY. = iol, , /3 = pr + ip2, y = K + ir?; , and K = / r1//3r j1/2. 
Then 
-W#I = 1 P I K2 I=- 0. 
l/z is smooth in the region {(y, x): $K < j x 1 < SK}, so we can write F, 
in the form 
Y’ = SOY + I P 11’2f,(Y, x; P), 
.z’ = exph 4 w + P I P I I z I2 + I P 13~fio(~, 2; EC)~ 
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where fiO E C”“(y, Z; p-). Let x = ~(1 + p) eie, where 8 is a real variable 
mod2rrand--+<p<$.Then 
y' = s,y + /P11~g,(Y,P7 k/J)? 
Z’ = K(1 + p’) eie’ 
where 
and 
g,(y, P> 4 P) = f7(YY K(1 + P) eiey 4, 
so 
g,(Y, p, 8, d = g3b, pl h.4 + ~Y,P~ 6 P) 
=.My, ~(1 + P) eie, cLj, 
g1,g2 >g3 >&EC"(Y, P2 6 d 
Separating modulus and argument, we put F, in the form 
y’ = SOY + I P vgl(Y, p, 4 P), 
P' = (1 + P> - { cup wl- 141 + P)' f IEG 13/2g3(3!, ft 6 4) - 1 
= (1 + P) expI-wl(2p + P"> + I~13i2g3(Y~~~ 4 Al- 1 
= (1 + P)(l - W#P + P2)) + If-L 13~&b'~ PI 6 v> - 1 
= [l - PYl(2 + 3P + PYP + I v /3’2g5(Y, P> 0, ELI 
0' = 0 + a2 + FLY~ - 4P2/B1)(1 + ~12 + i P I3%h P, 4 14. 
The third equation for p’ defines g, , which therefore is in P(y, p, 5; p). 
We use a process of successive approximations to construct a circle invariant 
under F, as the graph of a pair of mappings y = u(e), p = v(e). At each 
stage in the construction process we let F, act on a candidate for the invariant 
circle to form a new candidate. Let S, denote the set of pairs of Cz maps 
U: R -+ Rn-a, w: R + R with period 27r, satisfying // u 11 < 1, /I ZI /j < l/3, 
I/ DU I/ < 1, !j Dv II < 6, where j/ 11 denotes the sup norm. 
THEOREM 1. Let p>O, Rep<0 or p<O, Rep>O, and let 1 < 
r < CO. Then if j p I is suficiently small there is a wique (up v> E S, such that 
I’, = ((y7 p, 0): y = U(O), p = v(O)} is izzvariazzt under F, f Moreover, u 
and v are Cr. 
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COROLLARY. Under the hypotheses of Theorem 1, let T,, denote the union 
of the orbits of X, through points in r, . Then T, is a CT torus irwariant 
under X, . 
Remarks. (i) In case ,u > 0, Rej3 < 0, I’, and T, are asymptotically 
stable. In case p < 0, Re ,6 > 0, r, and T, are hyperbolic invariant manifolds 
in the sense of Fenichel [2], and hence have differentiable stable and unstable 
manifolds. These assertions follow directly from the estimates used to prove 
Theorem 1. 
(ii) The proofs for p > 0, Re /3 < 0 and p < 0, Re ,G > 0 are different 
because ;r, is asymptotically stable in the first case and hyperbolic in the 
second case. The key estimates are the same in either case, however, so 
we prove Theorem 1 only for p > 0, Re /3 < 0. Techniques for handling 
hyperbolic invariant manifolds are developed in Ref. [2]. 
(iii) Using the methods of Fenichel [2], it is clear that u E C’ if zc is 
Lipschitz continuous and 1 p / is sufficiently small. W7e omit this part of 
the proof. 
(iv) Theorem 1 was proved in Sacker’s thesis [9]. We prove it again 
because we need some estimates developed in the proof. 
Proof of Theorem 1. For (u, V) E Ss , let T(u, v) = (ul, vl), where a, 
is defined by 
and 
d(e) = soU(e-,) + pw4u wd, 8, , d, 
+(e) = (1 - pd2 + w,) + (4wv w,) 
+ p~~w4u ee-,), 8, , 14. 
(2) 
(3) 
T is defined so that the graph of a fixed point of T is an invariant circle 
for F, . 
LEMMA 3. If p > 0, Re p < 0, and 8 and p are suficiently small, T 
maps S, into S, . 
Proof. We use the notations O(j p 1112), O(p), etc., for functions which 
are bounded by a constant times 1 p /lb, / p /, etc., uniformly for (24, V) E-S8 , 
for S and 1 p 1 sufficiently small. Differentiating Eq. (1) with respect to 8-r 
gives 
de/de-, = I + 0(/A) + O(l /A 13/Z). 
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It follows that Eq. (1) may be solved for K1 as a function of 0 with 
de-,/de = 1 + O($) + O(i p y), 
so zcl and z1 are we11 defined. 
From (ii) we have the estimates 
so 11 u1 /I < 1 and /I LW jl < 1 if 8 and / p 1 are small. Differentiating Eq. (3) 
gives 
dvl/dB-, = (1 -- pyy,[2 + &(6-J + 3(a(B-#I} dv/d&, -+ O(! Eb j3p). (4) 
Noting that if 
\ v(e)\ < 5 , 2 + 3a(e) + (~(0))’ > 1 and 2 + 6z(8) + 3(,,(0))s > $ , 
we have 
and 
II Wd0 II < ((1 - bvd II dv/dfJ II+ O(l i-c 13W + O($j + O(i p t3%. 
Hence // s1 1~ < 3 and 11 Dal 11 < 8 if 8 is small and 1 ~1 j is small compared 
to 6. 
LEMMA 4. If p > 0, Re ,!3 < 0, and 6 and p are su.ciently small, T is a 
contraction mapping on S, with the nom I/ u, v 11 = max(ll 21 I/, /i ,v 11). 
COROLLARY. Theye exists a unique pair of periodic functions ZF: R -+ Rt2 ei), 
vp: R---f R such that jj F(u, v) - (ua, vm)ij ---f 0 as n +- co. Moreover, 21” 
has Lips&z constant less than one, and vm has Lipschitx constant less than 6. 
Proof* Clear from Lemma 4. 
Proof of Lemma 4. Let (u, v) and (6, 5) be in SS and define 8-1 , al, + 
and k, , G, G1 as in Eqs. (l-3). From Eq. (l), 
0 = e-1 - e”-, - py1(P#1)[(1 + v(Q)” - (1 +- Wl)Yl 
+ p[g&@-l), v(e-,), 0-1 I P) - g,(~(U f@-l)~ Q-1 9 dl. 
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Hence 
I e-1 - 0-1 I = O(p>(ll ZJ - 6 II + 6 I e-1 - 0-1 I) 
+ o(p3’2)(ll 24 - 2 II + II fJ - c II + I 8, - g-1 I), 
so II 8-l - J-1 II = O(p) I(% v) - (& q11. 
Combining this result and Eq. (2) gives 
II fw) - q)ll d II so ll(ll 24 - 12 II+ II 6-I - g-1 II) 
+ O(P1’“)(II 24 - c II + II tJ - 5 II + II o-1 - g-1 II), 
SO 
II 28 - 22 II < (II & II + O(P)) ll(4 4 - (u”, a. 
From Eq. (3) and the estimate for /I 0-, - #e-1 1 we have 
z+(e) - E’(e) = z(e-1) - qB,> - py~{2[2@,) - a&>] 
+ 3[(v(B,y - (v”(&))“l + @@lN3 - (a(~-d>31> 
+ p3/f{g5(+-1), +t,), e-d - g5wL), +TL), g-, 7 ~4 
= (1 - py1(2 + 3[q-,) + &)I + iwd>e + 6u @-d 
+ (q81))q~~(v(e-l) - a(&,)) + ow/2) lib4 4 - (c, m 
The coefficient of pyI is always greater than or equal to $ because II v 11 < l/3, 
II 5 II < l/3, so 
11 d - 3 II G (1 - Q~~~)(II zI - d II + 6 II a, - B, 11) 
+ O(P3’“) Ilo4 74 - (6 a. 
Hence if S and p are small, 
II@‘, 3) - (& G)lI < (1 - bYI) II(% a* 
LEMMA 5. (u”,P)E S,. 
Proof. Omitted (see Ref. [2]). 
COROLLARY. Ij u 11, I( w (I, II Du 11, I( Dv 11 are aZZ O($“). 
Proof. Because (P, P) ES, , T(P, v”) = (P, P). From Eq. (2) we 
have 
II u II G II so II II 24 II+ o(P1’2), 
so 11 u j/ = O(P~/~). From Eq. (3) we have 
II v II G (1 - WI) II zJ II + o(P3’2), 
HOPF BIFURCATION PROBLEM 319 
so j( z’ I( = 0($/a). Differentiating Eq. (2) gives 
II Du II < II So II II Du II f OW!“), 
so /j Du 11 = O(P’/~). Differentiating Eq. (3) gives 
II Dv I! < (1 - +pyl) I/ Dv /I + O(y3”), 
so I/ D.v jJ = O(plp). 
4. CONSTRUCTION OF THE INVARIANT DISC FOR F,, 
Recall that QU is the map 
Y’ = S,Y, 
x’ = , \” p+PI4I4 x, 
and K = j y1//3t /l/s. To motivate the construction of an invariant disc for 
F, we introduce polar coordinates in the z-plane and examine the orbit 
structure of Gp, . Let z = K Reis, and suppose p > 0, Re 13 < 0, or p < 0, 
Re /I > 0. Then QU is the map 
Y’ = SOY, 
R' = ew~,(l-R2) R 
Let YW: Rn-2 >< [0, co) + R”-” x [0, 00) be defined by suppressing the last 
equation, 
y’ = soy, 
R' --1 pv,(l-R') R. 
U,, has fixed points at (0,O) and (0, 1) with linear parts 
and 
D’f-‘,(O, 1)= [; 1 -“2,,1- 
If p > 0 is small, all the eigenvalues of S, have modulus less than 
1 - 2py1 , so the orbit structure of Y,, appears as shown in Fig. 1. All but 
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FIG. 1. Orbit structure of Yp : /3 < 0, p > 0. 
an exceptional set of orbits approach (0,l) tangent to the line ((y, R): y = 0). 
This observation underlies our ~o~truction of an invariant disc for F, . 
The points in the unstable manifold of the origin are forced to approach I’, 
along a well-defined family of planes near the plane ((y, z): y = O> in Rn. 
If p < 0 and 1 p [ is small, all the eigenvalues of S, have modulus less 
than 1 + m, so the orbit structure of ?i”, appears as shown in Fig. 2. 
All but an exceptional set of orbits near (0,O) approach (0,O) tangent to 
the line ((y, R): y = 0). When p < 0, this observation underlies our 
construction of an invariant disc for F, . 
A manifoid with boundary &!i = M v 834 is called overflowing invariant 
under a map F if i@CF(M). W e modify F, so that the perturbation 
theory developed in [2] for overflowing invariant manifolds may be applied 
to construct a closed disc invariant under F, . In rough terms, the C* per- 
turbation theorem [2, p. 2051 asserts that a Cr asymptotically stable over- 
flowing invariant manifold persists under perturbation if orbits near the 
manifold approach the manifold more than Y times faster than orbits within 
the manifold. 
Let w,: R -+ R be a Cm function such that w,,(t) = 0 for t < $K, wO(t) < 0 
for +K < t < SK, and w,,(t) = 1 for t 2 2~. Let w(x) = wO(l x I), and for 
any E > 0 let FFL,e be the map 
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FIG. 2. Orbit structure of Y, : p > 0, p < 0. 
Y’ = S,Y, 
,$ = A, ee@J(z) 2.
Clearly the disc A,,, = (( y, x) : y = 0, ) x j < 2~) is overflowing invariant 
under F,,, . IIn easy check shows that F,,, and Ao,E satisfy the hypothesis 
of the Cr perturbation theorem, so for small p there is a Cr manifold with 
boundary A,,, near A,,, , overflowing invariant under FUSE . 
LEMMA 6. r, CA,,, . If p > 0 the interior of I’, in A,,, is the unstable 
manifold of the origin under F, . If p < 0, the interior of rT‘, in AU,6 .is the 
union cf the origi?z and part of the unstable nzanifold of T’, . 
Proof. The manifold with boundary A,,, is constructed by an iteration 
process as in the proof of Theorem 1. It follows from the Corollary to 
Lemma 5 that if p > 0 we may begin our iteration process with a manifold 
containing I’, and a local unstable manifold of the origin for FU . Hence 
the invariant manifold A,,, contains I’, and the entire unstable manifold 
of the origin. 
Suppose p = (yO, R, , 0,) lies in the interior of r, in A,,, , and let 
.505/17/2-5 
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(F,)-“(p) = (yPk , R_,S , 0-,). For each k, (FU)-k( p) lies in the interior of 
r, in A,,, , so Rwk < 1 + ZP(&,). From the proof of Lemma 4 we see that 
I R-k - (1 + WL))I 3 (1 - PYP I po - Wo)l, 
provided 1 R, - 1 1, 1 R-, - 1 / ,..., 1 R-, - 1 1 all are less than Q . Hence 
for some k, , R-$ < 3/4. But we can construct a local unstable manifold 
of the origin over the disc (1 R / < 3/4), so F;“o( p) lies in the unstable 
manifold of the origin, and hence also p lies in the unstable manifold of the 
origin. 
For p < 0 we may begin the iteration process with a manifold containing 
the origin, I’,, , and a local unstable manifold for r,, . From the invariance 
properties of these sets it follows that A,,, contains the origin, r’,, , and a 
local unstable manifold of r, extending over the set (z: $C < 1 z I < $c] 
in the plane ((x, y): y = O}. But if j TV I is small, the stable manifold of the 
origin contains the open set {(y, x): j/y I/ < 1, 1 x [ < SK}, so every orbit of 
F, in the interior of I’,, in A,,, is asymptotic to the origin. 
We summarize the results of this section as Theorem 2. 
THEOREM 2. If TV > 0, Rep < 0 and p is suficiently small, there is a 
CT manifold zuith boundary D, invariant under F, . The interior of D, is the 
unstable manzfold of the origin and the boundary of D, is r, . If p < 0, Re ,6 > 0 
and I TV I is sufjkiently small, there is a Cr manifold with boundary D, invariant 
under F, . The interior of D, consists of the origin and part of the unstable 
manifold of I, . 811 positive half-orbits in D, - I, are asymptotic to the 
origin. ,411 negative hnlj-orbits in D, are asymptotic to r, , with the exception 
of the orbit at the origin. 
COROLLARY. 1JndH the hypotheses of Theorem 2, let .Zu denote the union 
of the orbits of X, through points in D, . Then ZU is a Cr solid torus invariant 
under X, nrzd all half-orbits in Xu are asymptotic to T, or to ~/CL . 
5. INVARIANT FOLIATIONS AND ASYMPTOTIC PHASE 
We recall some definitions and results from Ref. [3], with minor modifica- 
tions dictated by the applications to follow. F denotes a diffeomorphism 
and Ft a one-parameter family of diffeomorphisms, the flow of a vector 
field X. We assume that F and Ft are defined throughout some Euclidean 
space Rq, and that d = A u aA is a properly embedded differentiable 
submanifold with boundary in R 4. We say that d is inflowing invariant 
under F or X if F(A) C .A, or if F$?i) C A for all t > 0 and X is nowhere 
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tangent to &l. (These conditions are equivalent to overflowing invariance 
under F-l or under the flow of -X.) We say that d is asymptotically stable 
with unique asymptotic phase if A is inflowing invariant and asymptotically 
stable, and either (i) and (ii), or (i’) and (ii’) are satisfied. 
(i) For each point p in some neighborhood of A. there exists m(p) E A 
such that 
4F7c(P>, w$P))) - 0 
ask-+ co. 
(ii) For any p in some neighborhood of A and any wz E A, 
as k -+ co unless 112 = m(p). 
(i’) For each point p in some neighborhood of A there exists nz(p) E A 
such that 
WYP), FWPN - 09 
ask-t 00. 
(ii’) For any p in some neighborhood of A and any WE E A, 
as t -+ co unless m = IQ). Here d denotes the usual distance in Euclidean 
space. 
Let AC R* be an inflowing invariant manifold as above. Let TA denote 
the tangent space of 2, and let N be any bundle complementary to TA in 
TR* j A. Let ]! !j denote the norm of the usual Euclidean metric, and let 
4’ denote the orthogonal projection from TRQ j d onto N. Define 
01*(712) = inf{a > 0: 11 7PDF7’(nz) 1 N I//& -+ 0 as k + oo>, 
pi*(m) = inf{p > 0: II7PDP(m) 1 N Ij jl DF-“(F”(Pz)) j A Ii/p’: ---f 0 as k--f 023, 
or 
a*(m) = inf(ol > 0: 11 #IIP(nz) I N II/C& --t 0 as t -+ coo> 
pi*(m) = inf(p > 0: 11 #DP(nz) j Nil /I DPt(Ff(nz)) I A /I/# ---f 0 as t --+ cx2,3. 
The main results we need from Ref. [3] are summarized in the following 
theorem. 
THEOREM 3. Let d be a compact, connected ilzvariant manifold, OT a 
compact, connected injlozuing invariant manifold with boundary, and suppose 
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CC*(~) < 1 and pl*(m) < 1 for all m E A-. Then d is asymptotically stable 
with unique asym@otic phase. For each m E A, 9((m) = (p: m(p) = m} is a 
manifold dl$eomorphic to the jiber of N. As m runs through A, the manifolds 
S(m) form a foliation of a neighborhood of A, and this foliation is invariartt 
in the sense that 
F(F(m)) = F(S(m)) 
or 
S(Ff(m)) = Ft(S(m)) for all t > 0. 
Remarks. (i) To prove that a*(m) < 1 and PI*(m) < 1 for all m GA, 
it is sufficient to prove that 
and 
for all m E d For a flow, F should be replaced by Ft, for any t > 0, in these 
conditions. 
(ii) When li is a single point the condition pl* < 1 should be omitted. 
In this case the condition & < 1 is simply that all eigenvalues of the linear 
part of F lie in the unit circle, or that all eigenvalues of the linear part of X 
lie in the left half plane. 
(iii) When ,?i is a closed orbit of a vector field, the conditions 01* < 1 
and pl* < 1 are equivalent to the conditions 1 X ( < 1 for all Floquet 
multipliers of A. In this case asymptotic stability with asymptotic phase 
is a classical result [4]. 
(iv) The critical observation which makes Theorem 3 useful in studying 
the Hopf bifurcation problem is that orbits of FuBE approach A,,, at a rate 
[j S,, Ij + O&l/?), orbits of Fu,E 1 A,., approach r, at a rate 1 + O(p), and 
orbits of F, 1 r, approach each other at a rate 1 + O(j ,u la/e). 
LEMMA 7. If E > 0 and I 1-1 I are su#ciently small, the hypotheses of 
Theorem 3 are satisfied in the follozving cases: 
undL)F~>Op Rep<0 or p < 0, Re p > 0: A,,, n ((y, z): / z I < $c) 
U,E . 
(ii) p > 0, Rep < 0: I’, under Fu,E I A,,, . 
(iii) p < 0, Re,G > 0: r, under Fit 1 A,,, . 
COROLLARY. Every half-orbit of F, either leaves a neighborhood of D, 
or is asymptotic to the origin or to r, . Every half-orbit of Xu either leazjes 
a neighborhood of & or is asymptotic to yLt or to T, . 
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Proof of Lemmn I. To prove (i) it is sufficient to verify the conditions 
of remark (i) following Theorem 3 for p = 0. These conditions and inflowing 
invariance persist under Cl small perturbations. ?Ve take z as the coordinate 
in hE and y as the coordinate normal to A,,i. The conditions are 
II so II < 17 
and 
!I So II ,s;yh. eWcz) < 1, 
z .3. 
which clearly are satisfied if E is small. 
To prove (ii) and (iii) we use 0 as a coordinate in r, and p as a coordinate 
normal to r, in A,,, . From the Corollary of Lemma 5 we have 
de-,/de = 1 + O(j y 13/f). 
A LL.6 is represented near r,,, as the graph of a function y = U(p, 0) satisfying 
the invariance condition 
Hence 
if / p 1 is small and p > 0. Similarly, 
wp, d 1 + b-.~ I 
if 1 p I is small and p < 0. These estimates, with Remark (i) following 
Theorem 3, prove (ii) and (iii). 
Let {P(m): m E AU,E} denote the foliation obtained by applying Theorem 3 
to case (i) of Lemma 7. Define the local fibers 
9&&2) = S(m) n {(y, 2): // y 11 \( l}. 
These fibers are smooth manifolds with boundary satisfying the overflowing 
invariance condition 
F,,,@=&(m)) c &K!(F,,,(~iz)). 
The advantage of working with the local fibers is that Ftoe(m) is invariant 
under F, , in the sense that 
F,(&&)) C =%#‘,(N, 
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if all forward orbits through gr,,(m) remains in the region where F,, = Fu,E . 
If 1 p 1 is small, this is the case for m E D, if p < 0, Re ,6 > 0, and for 
nz in a neighborhood of D, if ,u > 0, Rep < 0. For such m, let 
9(m) = fi F;“(@,,(Fuk(m))). 
k=O 
The fibers s(m) form a family invariant in the sense that 
Let B, = Y(O), and let 
C, = (J 9(m). 
mcr, 
Clearly B, and C, are invariant under F, , and B, is a 0 manifold if 1 p 1 
is small. It is easy to see that C, is a Co manifold, but substantially harder 
to see that it is C’ if / p 1 is small. This is true, however, and follows easily 
from Ref. [3, Theorem 61. 
The orbits in B, and C, are exceptional in the following sense. If p > 0, 
every orbit in a neighborhood of ZU approaches r, tangent to A,,, , or lies 
in B, or C, . If p < 0, every orbit in a neighborhood of ZU either leaves 
a neighborhood of 2YU, approaches the origin tangent to A,,, , or lies in 
B, or C, . 
Let i?, and eU be the unions of the orbits of X, through points in B, 
and C, . Then B,, and cU play the role for XW that B, and C, play for F, . 
LEMMA 8. Let Ws and W” denote the stable and unstable manifolds of 
hyperbolic invariant manifolds, and let 0 denote the origin in R”. If 1 p I is 
suficievatly small, the hypotheses of Theorem 3 are satisjled in the following cases 
(i) p>O,Rep<O: 
(1) 0 under F, 1 W(O), 
(2) 0 under F;l 1 iP(O), 
(3) r, under F,, , 
(1’) Y&l uvzder X, I W(~,), 
(2’) l/cl under -X, I JP(y,), 
(3’) T, under X, . 
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(ii) p < 0, Rep > 0: 
(1) 0 u-rider F,, , 
(3 r, under F, j W(y,,), 
(3) r, under F;l 1 W”(yu), 
(1’) yU under Xu , 
(2’1 T, under X, 1 W(T,), 
(3’) T, under -X,, 1 Hi”(T,). 
COROLLARY. Every half-orbit of F, either leaves a neighborhood of D, OY 
is asymptotic to the origin or to a half-orbit in r, . Every half-osbit of Xu either 
leaves a neighborhood of Zu OP is asymptotic to a half orbit in yu OY T, . 
Remarks. @I), (i.l’), (i.2), (i.2’), (ii.l), and (ii.1’) are clear from the 
remarks following Theorem 3. It is a nontrivial result [3, Theorem 71, that 
the conditions 01* < 1 and pl* < 1 for a Poincari: map are equivalent to 
the same conditions for a flow. Hence it is sufficient to prove only the asser- 
tions numbered without a prime, in order to prove Lemma 8. 
Proof of Lemma 8. To prove (i.3) we take B as the variable in r, and 
(y, p) as the variables normal to I’, . 
%(Y’T P’J 
----=L 
s, + O(plfQ) O(plP) 
Z(Y, PI o(P3/2> 1 - py1(2 + 6p + 3p2) + O(P'!") 1 . 
Taking KY, ~111 = mad Y I!, I P I) as a norm on I?” X R gives the estimate 
II 3(Y’l P’)/a(Y, PI e 1 - iELY1 + Ob3!“> 
if j p [ < Q . From the corollary of Lemma 5 we have 
d&,/db’ = 1 + O(p3”)~ 
These two estimates guarantee that 01* < 1 and pl* < 1 for p small, so 
(i.3) is proved. 
The estimates for (ii.2) are included in the estimates for Lemma 7, case 
(i), and the estimates for (ii.3) are the same as the estimates for Lemma 7, 
case (iii), so Lemma 8 is proved. 
We leave to the reader the enumeration of all the invariant families of 
foliations whose existence follows from Lemma 7, Lemma 8, and Theorem 3, 
and the enumeration of all the inclusion relations among the leaves of the 
foliations. We also leave to the reader the enumeration of all the rate estimates 
which go into the definition of asymptotic stability with asymptotic phase; 
these may be sharpened using Ref. [3, Theorem 31. This completes our 
description of the orbit structure of the Hopf bifurcation. 
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